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Abstract
In this paper, we study tradeoffs between curve complexity and area of Right
Angle Crossing drawings (RAC drawings), which is a challenging theoretical
problem in graph drawing. Given a graph with n vertices and m edges, we
provide a RAC drawing algorithm with curve complexity 6 and area O(n2.75),
which takes time O(n+m). Our algorithm improves the previous upper bound
O(n3), by Di Giacomo et al., on the area of RAC drawings.
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1. Introduction
Drawing non-planar graphs with forbidden or desired crossing configurations
is a topic that has received growing attention in the last decade; this topic is of-
ten recognized as graph drawing beyond planarity [1]. In addition to guarantee-
ing specific properties for the edge crossings, some other geometric optimization
goals can be considered, such as, for example, minimizing the number of edge
bends or minimizing the area occupied by the drawing [2]. The trade-off between
maximum number of bends per edge and area requirement has been particularly
studied for RAC drawings (Right Angle Crossing drawings), i.e., drawings in
which every two crossing edges are orthogonal [3]. RAC drawings are motivated
by cognitive studies showing that large crossing angles do not affect too much
the readability of a graph layout [4, 5, 6]. Deciding whether a graph admits a
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(1-planar) straight-line RAC drawing is NP-hard [7, 8]. Didimo et al. [3] proved
that graphs that admit a straight-line RAC drawing have at most 4n−10 edges,
which is a tight bound.
A k-bend RAC drawing is a RAC drawing where each edge is a polyline with
at most k bends, k > 0. The curve complexity of a polyline drawing is the
maximum number of bends per edge in the drawing. The area of a drawing
is the size of the smallest axis-aligned box enclosing the drawing on an integer
grid, in which the vertices and bends are located at grid points. The 1-bend
RAC drawings with n vertices cannot have more than 5.5n − O(1) edges and
there are infinitely many 1-bend RAC graphs with exactly 5n−O(1) edges [9].
The 2-bend RAC drawings can have at most 74.2n edges [10].
Didimo et al. [3] proved that every graph has a RAC drawing with curve
complexity 3 (which can be drawn in area O(n4)). Di Giacomo et al. [11]
studied the tradeoffs between area and curve complexity. They proved that, by
increasing the curve complexity to 4, the area can be improved: Every graph
admits a RAC drawing with curve complexity 4 and area O(n3).
Didimo and Liotta [12] posed a theoretical open problem: Is it possible to
compute RAC drawings of graphs in o(n3) area with curve complexity 4?
Recently, Fo¨erster and Kaufmann [13] presented some contributions as a
poster in GD 2019: Every graph on n vertices admits a RAC drawing with 3
bends per edge in O(n3) area, which improves the result in [11]; there exists no
RAC drawing of Kn with 3 bends per edge in O(n
2) area for sufficiently large
n; every graph admits a RAC drawing with 8 bends per edge in O(n2) area.
Our result, in this paper, is somehow in the middle.
Our contribution. Given a graph G with n vertices and m edges, we provide a
RAC drawing algorithm for drawing G on an integer grid with curve complexity
6 and area O(n2.75). Our algorithm takes time O(n + m). We in fact obtain
improvement on the previous result on the area of RAC drawings by Di Gia-
como et al. [11], by adding two more bends on each edge. In other words, since
the area of a RAC drawing for Kn is Ω(n
2) [11], we make the gap between the
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Figure 1: Placing the vertices of two consecutive levels.
lower and upper bound on the area of RAC drawings smaller.
2. 6-Bend RAC drawing in area O(n2.75)
In order to prove that every n-vertex graph admits a RAC drawing with
curve complexity 6 in O(n2.75), we describe how to compute such a drawing for
the complete graph Kn.
Placing the vertices. Assume 4
√
n is an integer. Partition the vertices of Kn
into
√
n groups, each with
√
n vertices, and place the vertices of each group
at a level where the vertical distance of every two consecutive levels is 8
4
√
n3 +
4
√
n+ 1. Denote the
√
n vertices of level i by Vi,1, . . . , Vi,
√
n, from left to right,
respectively. The highest level is where i = 1 and the lowest level is where
i =
√
n.
For each level i, we place the vertices Vi,j , j = 1, . . . ,
√
n, in such a way
that all the vertices have the same vertical coordinate and the distance between
two consecutive vertices Vi,j and Vi,j+1 is n + 1. For two consecutive levels i
and i + 1, we place their first vertices Vi,1 and Vi+1,1 in such a way that the
horizontal distance between Vi,1 and Vi+1,1 is
√
n + 8, i.e., the vertices of the
next level are shifted to the right
√
n+ 8 units; see Figure 1.
Next we show how to draw the edges of Kn, each with six bends. We use
two slopes α = 1/
4
√
n3 and −1/α for the intersecting segments of the edges. In
our technique, we draw the edges from a vertex Vi,j at a higher level and bend
the edges to get connected to some other vertex Vu,w at a lower level. Figure 2
3
shows a RAC drawing of some portion of K16, which in fact would be a RAC
drawing for K8, with our technique that we describe as follows.
First bend. Let (x, y) be the coordinates of Vi,j , i.e., the jth vertex of the ith
level. For any Vi,j , 1 ≤ i ≤
√
n, the first bends of the edges incident to Vi,j are
placed at (x+ (i− 1)√n+ 1, y+ 1), . . . , (x+ i√n− j, y+ 1), (x+ i√n+ 1, y+
1), . . . , (x+ n, y + 1).
We denote by ak(Vi,j), k = (i − 1)
√
n + 1, . . . , i
√
n − j, i√n + 1, . . . , n the
first bends of the edges incident to Vi,j , from left to right respectively. Figure 3
depicts the first bends and the segments of the edges incident to V1,1, V2,2, V3,3,
and V4,4 for n = 16. Denote by S1 the set of all the first segments of the edges
incident to all the vertices.
Second bend. Draw a segment with slope α from ak(Vi,j) to some corre-
sponding point, say bk(Vi,j), such that the vertical distance between ak(Vi,j)
and bk(Vi,j) is (
√
n − j + i) 4√n + 1. Denote by S2 the set of all the second
segments of the edges incident to all the vertices. For n = 16, Figure 4 depicts
the second bends and the segments of the edges incident to V1,4.
Third bend. In our drawing technique, we draw the edges from a vertex at a
higher level to some other vertex at a lower level. We used an idea for indices
k of the bends to easily find out where we want to bend in some lower level.
Let p = dk/√ne. The value p gives the label of a level where we want to make
the third bend in order to connect to the pth level’s vertices from higher level’s
vertices. Note that all the edges incident to vertices of higher levels whose second
bends are indexed by b(p−1)√n+1(·), . . . , bp√n(·) bend to get connected to the
vertices at level p. Also note that, the edges incident to the vertices of level
p whose second bends are indexed by b(p−1)√n+1(·), . . . , bp√n−1(·) bend to get
connected to the vertices of the same level p. In particular, we draw the third
segment with slope−1/α from bk(Vi,j) to some corresponding point, say ck(Vi,j),
such that the vertical distance between bk(Vi,j) and ck(Vi,j) is (8p−8i+7) 4
√
n3.
Denote by S3 the set of all the third segments of the edges incident to all the
4
Figure 2: A RAC drawing of some portion of K16, that is the drawing of the edges incident
to vertices of the first and second levels, which in fact is a RAC drawing for K8. A zoom-in
of the pdf file gives more details of the drawing.
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Figure 3: The first bends and the segments of the edges incident to the vertex V1,1, V2,2, V3,3,
and V4,4, for n = 16.
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Figure 4: The second bends, denoted by b1(V1,4), . . . , b16(V1,4), and the segments of the edges
incident to V1,4.
b(p−1)√n+1(Vi,j) bp√n(Vi,j)
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√
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Figure 5: The third bends, denoted by c(p−1)√n+1(Vi,j), . . . , cp√n(Vi,j)), and the segments
of the edges incident to some vertex Vi,j at a level i, where i < p.
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Figure 6: The fourth bends, denoted by d(p−1)√n+1(Vi,j), . . . , dp√n(Vi,j), and the segments
of the edges incident to some vertex Vi,j at higher level i entering to level p.
vertices. Figure 5 depicts the third bends and the segments of the edges incident
to some vertex Vi,j , where i < p.
Fourth bend. We draw the fourth segment with slope α from ck(Vi,j) to enter
to level p, where p = dk/√ne. Let q = (k− 1 mod √n). For the points ck(Vi,j)
of the vertices of the vertices Vi,j , we draw the fourth segment with slope α from
ck(Vi,j) to some corresponding point, say dk(Vi,j), such that horizontal distance
between ck(Vi,j) and dk(Vi,j) is (i+ q)n+
4
√
n3. Denote by S4 the set of all the
fourth segments of the edges incident to all the vertices. Figure 6 depicts the
fourth bends and the segments of the edges incident to some vertex Vi,j of a
level i entering to level p, where i < p.
Fifth and Sixth bends. We draw the fifth segment with slope −1/α from
dk(Vi,j) to some corresponding point, say ek(Vi,j), such that the vertical distance
between dk(Vi,j) and ek(Vi,j) is 3
4
√
n3. Denote by S5 the set of all the fifth
segments of the edges incident to all the vertices. Figure 7 depicts the fifth
bends and the segments of all the edges incident to vertices of the highest level,
for n = 16.
Finally, we draw the sixth segment from ek(Vi,j) to some corresponding
point, say fk(Vi,j), which has the same horizontal coordinate as of ek(Vi,j) and
the vertical coordinate of fk(Vi,j) is the vertical coordinate of Vp,j minus one.
Denote by S6 the set of all the sixth segments of the edges incident to all the
vertices.
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Figure 7: The fifth bends and the segments of the edges incident to the vertices V1,1, V1,2, V1,3,
and V1,4 of the highest level entering to the same level, for n = 16.
Note that the last bends fk(Vi,j) of the edges incident to vertices will be
connected to Vp,
√
n−q. Figure 8 depicts the sixth bends and the segments (and
seventh segments) of all the edges incident to a vertex of some higher level i
entering to level p, where i < p. Denote by S7 the set of all the seventh segments
of the edges incident to all the vertices.
Now we can summarize our technique for drawing the edges of Kn. For each
pair of vertices Vi,j = (x(Vi,j), y(Vi,j)), the jth vertex at level i and Vu,w =
(x(Vu,w), y(Vu,w)), the wth vertex at level u, where i ≤ u, the six bends of the
edge connecting from Vi,j to Vu,w are placed at a, b, c, d, e and f :
• a = (x(Vi,j) + (u− 1)
√
n+
√
n− w + 1, y(Vi,j) + 1),
• b = (x(a) + (√n− j + i)n+ 4
√
n3, y(a) + (
√
n− j + i) 4√n) + 1),
• c = (x(b) + 8(u− i+ 1)− 1, y(b)− (8(u− i+ 1)− 1) 4
√
n3),
• d = (x(c)− (i+√n− w)n− 4
√
n3, y(c)− (i+√n− w) 4√n− 1),
• e = (x(d)− 3, y(d) + 3 4
√
n3),
• f = (x(e), y(Vu,w)− 1).
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Figure 8: The sixth bends of the edges incident to some vertex Vi,j of a higher level i entering
to some level p, where i < p.
Since there are n placements for the vertices of Kn in
√
n levels, and each edge
has six bends, the following lemma holds.
Lemma 1. Our drawing algorithm for Kn takes time O(n+m) = O(n
2), where
m is the number of edges in Kn.
Lemma 2. The complete graph Kn admits a RAC drawing with curve complex-
ity 6 and area O(n11/4). The drawing can be computed in O(n+m) time.
Proof. The segments in Sr, for any 1 ≤ r ≤ 7, do not cross each other except
possibly at their endpoints. The crossings can only happen in three cases:
Between a segment in S2 and a segment in S3, between a segment in S3 and a
segment in S4, and between a segment in S4 and a segment in S5. In all these
cases, the two crossing segments are orthogonal. Thus our approach gives a
RAC drawing, which can be computed in O(n+m) time (by Lemma 1).
Since the leftmost point of the drawing is V1,1 and the rightmost point is
cn−1(V√n,1), the width of the grid is x(cn−1(V√n,1)) − x(V1,1) = 2n
√
n + n +
4
√
n3 + 7
√
n − 8 = O(n√n). Also, since the topmost point is bk(V1,1), 1 ≤
k ≤ n− 1, and the bottommost point is dn(V√n−1,√n), the height of the grid is
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y(bk(V1,1)) − y(dn(V√n−1,√n)) = 8n 4
√
n + 2
4
√
n3 +
√
n − 3 4√n − 1 = O(n 4√n).
Therefore, the grid size is O(n11/4).
For the case when 4
√
n is not an integer, our technique still works and has
the same complexities: Let l = d 4√ne. For this case, we consider l2 levels, each
with at most l2 vertices, and in the calculations of our technique we replace n
by l4,
√
n by l2, and 4
√
n by l. Thus the grid size will be O(l11) = O(d 4√ne11) =
O(n11/4).
From the fact that every graph with n vertices is a subgraph of Kn, our
results in Lemma 2 holds for any given graph. The following states the main
result of this paper:
Theorem 1. Every graph with n vertices and m edges admits a RAC drawing
with curve complexity 6 and area O(n11/4), and the drawing can be computed in
time O(n+m).
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